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We generalize previous work by considering a novel gravitational model with an action given by
an arbitrary function of the Ricci scalar, the matter Lagrangian density, a scalar field and a kinetic
term constructed from the gradients of the scalar field, respectively. The gravitational field equations
in the metric formalism are obtained, as well as the equations of motion for test particles, which
follow from the covariant divergence of the stress-energy tensor. Specific models with a nonminimal
coupling between the scalar field and the matter Lagrangian are further explored. We emphasize
that these models are extremely useful for describing an interaction between dark energy and dark
matter, and for explaining the late-time cosmic acceleration.
PACS numbers: 04.50.Kd, 04.20.Cv, 04.20.Fy
I. INTRODUCTION
Scalar fields play a fundamental role in the cosmologi-
cal description of our Universe [1]. One of the first major
extensions of general relativity, proposed by Dicke and
Brans [2–4], conjectured that “Mach’s principle” might
lead to a dependence of the local Newtonian gravitational
constant, G, since in most cosmological models the total
mass M and radius of curvature of the Universe a(t) are
related by an equation of the form G−1 ∼ M/a(t)c2.
Consequently, in the variational principle of general rel-
ativity [2–4], it was proposed to substitute G−1 with a
scalar field φ, and to also add to the action the kinetic
energy corresponding to φ. Therefore, the variational
principle of the Brans-Dicke theory can be formulated as
δ
∫ (
φR + Lm − ω∇λφ∇λφ/φ
)√−gd4x = 0, where R is
the scalar curvature, Lm is the matter Lagrangian, and ω
is a coupling parameter. The scalar-tensor gravitational
models have been intensively investigated, and can be
considered as a valid approach in explaining the recent
accelerated expansion of the Universe, inferred from the
Type Ia supernova observations [5]. According to stan-
dard general relativity, the observed late-time cosmic ac-
celeration can be successfully explained by introducing
either a fundamental cosmological constant [6] – which
would represent an intrinsic curvature of space-time – or
a dark energy – which would mimic a cosmological con-
stant (at least during the late stage of the cosmological
evolution), as the concordance of observations are still in
favor of the λ-CDM standard model [7], where λ is a con-
stant. One of the currently main dark energy scenarios
is based on the so-called quintessence, introduced in [8]
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and [9], where dark energy corresponds to a new scalar
particle Φ.
After the Brans-Dicke proposal, other forms of scalar-
tensor theoretical models were investigated. Cosmologies
where the Planck length is not a fundamental constant
but rather evolves with time were considered in [10], and
it was shown that the dynamics which should be respon-
sible for today’s tiny value of this length scale are gov-
erned by the effective potential of a Brans-Dicke type
theory. One can also extend the coupling of the scalar
field and curvature to a nonminimal coupling, provided
by F (φ)R, where, for example, F (φ) = 1 − ξφ2, and
ξ is a coupling constant [11]. In these types of models
non-minimally coupled Higgs field with a large coupling
ξ might give rise to a successful inflation [11], which is
otherwise very difficult to be achieved [12]. One of the
positive features of Brans-Dicke-like theories is that they
seem to be generically driven toward general relativity
during the cosmological evolution of the Universe [13].
Couplings between the scalar and the matter fields
have been investigated as well [14–22]. Indeed, such cou-
plings generically appear in Kaluza-Klein theories with
compactified dimensions [23] or in the low energy effec-
tive limit of string theories [14, 15, 17]. In the latter
context, some authors proposed that the dilaton could
be a good candidate for the quintessence [14] or the in-
flaton [15]. But even from a phenomelogical point of
view, it has been argued that specific restrictions such as
gauge and diffeomorphism invariances essentially single
out a particular set of effective theories which turns out
to be Brans-Dicke-like theories with scalar/matter cou-
pling [16]. A good feature of such theories is that under
various assumptions – and similarly to Brans-Dicke-like
theories without scalar/matter coupling – they seem to
be driven toward a weak coupling through cosmological
evolution [17]. Therefore, they seem to be able to explain
the current tight constraints on the equivalence principle
2without fine-tuning parameters [18].
More recently, it has been argued that a scalar/matter
coupling could be responsible for a dependency of the ef-
fective mass of the scalar-field upon the local matter den-
sity [24]. Such a scalar-field has been dubbed chameleon
as “in regions of high density, the [scalar-field] chameleon
blends with its environment and becomes essentially in-
visible to searches for EP violation and fifth force” [25].
The possibility of a nonminimal coupling between
matter and geometry, somehow similar to the coupling
between the scalar field and curvature in the Brans-Dicke
theory, with the matter Lagrangian playing the role of
φ, was considered in [26, 27], in the framework of the
so-called f(R) models of gravity [28–30], and further
extended in [31]. An extension of the f(R) gravity
model, called f(R, φ) gravity was also proposed in [32],
and further discussed and generalized in [33]. The action
considered for the f(R, φ) gravity model is given by S =∫
[f(R, φ)/2− ω(φ)∇µφ∇µφ− V (φ) + βLm]
√−gd4x/β,
where β is a constant. In this context, the maximal
extension of the standard Hilbert-Einstein action of
general relativity, S =
∫
(R/16πG+ Lm)
√−gd4x, was
considered in [34], where the f(R) type gravity models
were maximally generalized by assuming that the gravi-
tational Lagrangian is given by an arbitrary function of
the Ricci scalar R and of the matter Lagrangian Lm, so
that S =
∫
f (R,Lm)
√−gd4x.
It is the purpose of the present paper to consider a
generalized f (R,Lm) type gravity model, in which, be-
yond the ordinary matter, described by its thermody-
namic energy density ρ and pressure p, the Universe is
filled with a scalar field φ. Consequently, in the gravita-
tional action the scalar field, as well as its kinetic energy,
∇µφ∇µφ are also present, and the Lagrangian takes the
form Lgrav = f (R,Lm, φ,∇µφ∇µφ), where f is an ar-
bitrary function. Therefore, in these models an explicit
nonminimal coupling between matter and the scalar field
is also allowed. As a first step in our study we obtain the
gravitational field equations in the metric formalism, and
the equations of motion for test particles, which follow
from the covariant divergence of the stress-energy tensor.
Some specific models with nonminimal scalar field-matter
coupling are further explored.
II. GRAVITATIONAL FIELD EQUATIONS
We assume that the action for the modified theories of
gravity, considered in this work, is given by
S =
∫
f (R,Lm, φ, g
µν∇µφ∇νφ)
√−g d4x, (1)
where
√−g is the determinant of the metric tensor gµν ,
and f (R,Lm, φ, g
µν∇µφ∇νφ) is an arbitrary function of
the Ricci scalar R, the matter Lagrangian density, Lm,
a scalar field φ, and the gradients constructed from the
scalar field, respectively. The only restriction on the func-
tion f is to be an analytical function of R, Lm, φ, and
of the scalar field kinetic energy, respectively, that is, f
must possess a Taylor series expansion about any point.
We define the “reduced” stress-energy tensor as [35]
τµν = − 2√−g
δ (
√−gLm)
δgµν
. (2)
By assuming that the matter Lagrangian density Lm de-
pends only on the metric tensor components gµν , and not
on its derivatives, we obtain the stress-energy tensor as
τµν = gµνLm − 2 δLm
δgµν
. (3)
Furthermore, we assume that the scalar field φ is inde-
pendent of the metric, i.e., δφ/δgµν ≡ 0. In the following
we will denote, for simplicity, (∇φ)2 = gµν∇µφ∇νφ.
By varying the action S of the gravitational field with
respect to the metric tensor components gµν , we obtain
the field equations of the f
[
R,Lm, φ, (∇φ)2
]
gravita-
tional model as
fRRµν +
(
gµν∇λ∇λ −∇µ∇ν
)
fR − 1
2
(f − fLmLm) gµν
=
1
2
fLmτµν − f(∇φ)2∇µφ∇νφ,
(4)
where the subscript of f denotes a partial derivative with
respect to the arguments, i.e., fR = ∂f/∂R, fLm =
∂f/∂Lm, f(∇φ)2 = ∂f/∂ (∇φ)2.
Now varying the action with respect to φ, provides the
following evolution equation for the scalar field
(∇φ)2φ =
1
2
fφ, (5)
where fφ = ∂f/∂φ and
(∇φ)2 =
1√−g
∂
∂xµ
[
f(∇φ)2
√−ggµν ∂
∂xν
]
, (6)
is the generalized D’Alembert operator of
f (R,Lm, φ,∇µφ∇µφ) gravity.
The contraction of Eq. (4) provides the following rela-
tion between the Ricci scalar R, the matter Lagrangian
density Lm, the derivatives of the scalar field, and the
trace τ = τµµ of the “reduced” stress-energy tensor,
fRR+ 3∇µ∇µfR − 2 (f − fLmLm) =
1
2
fLmτ − f(∇φ)2∇µφ∇µφ. (7)
By taking the covariant divergence of Eq. (4), we ob-
tain for the covariant divergence of the “reduced” stress-
energy tensor the following expression
1
2
∇σ (fLmτµσ) =
1
2
(Lm∇µfLm − fφ∇µφ)
+f(∇φ)2∇µφ∇σ∇σφ+∇µφ∇σφ∇σf(∇φ)2 . (8)
3This relationship was deduced by taking into account
the following mathematical identities
∇µRµν = 1
2
∇νR , (∇ν−∇ν) fR = − (∇µfR)Rµν ,(9)
and we have used the fact that we consider torsion-free
space-times such that [∇σ∇ǫ −∇ǫ∇σ]ψ = 0, where ψ is
any scalar-field. Now, using Eq. (6) we get
∇σ (fLmτµσ) = Lm∇µfLm . (10)
For φ ≡ 0, Eqs. (4) reduce to the field equations of the
f (R,Lm) model considered in [34]. For φ 6= 0, one recov-
ers the good conservation equations for either general rel-
ativity and Brans-Dicke-like scalar-tensor theories (with
and without scalar/matter coupling [21]). For instance,
the total Lagrangian of the simplest matter-scalar field-
gravitational field theory, with scalar field kinetic term
and a self-interacting potential V (φ) corresponds to the
choice
f =
R
2
+ Lm +
λ
2
gµν∇µφ∇νφ+ V (φ), (11)
where λ is a constant. The corresponding field equations
can be immediately obtained from Eqs. (4) as
Rµν − 1
2
Rgµν = τµν − λ∇µφ∇νφ+[
λ
2
gαβ∇αφ∇βφ+ V (φ)
]
gµν . (12)
The scalar field satisfies the evolution equation
1√−g
∂
∂xµ
[√−ggµν ∂φ
∂xν
]
=
1
λ
dV (φ)
dφ
, (13)
while the stress-energy tensor obeys the conservation
equation ∇στµσ = 0.
III. MODELS WITH NONMINIMAL
MATTER-SCALAR FIELD COUPLING
As an example of the application of the formalism de-
veloped in the previous section, we consider a simple
phenomenological model, in which a scalar field is non-
minimally coupled to pressure-less matter with rest mass
density ρ. For the action of the system we consider
S =
∫ [
R
2
− F (φ)ρ + λgµν∇µφ∇νφ
]√−gd4x, (14)
where F (φ) is an arbitrary function of the scalar field
that couples non-minimally to ordinary matter. The field
equations for this model are given by
Rµν − 1
2
Rgµν = F (φ)ρuµuν
+2λ
[
∇µφ∇νφ− 1
2
gµν∇αφ∇αφ
]
, (15)
where uµ is the four-velocity of the matter fluid. The
scalar field satisfies the evolution equation
φ = − 1
2λ
dF (φ)
dφ
ρ, (16)
where  is the usual d’Alembert operator defined in a
curved space. The total stress-energy tensor of the scalar
field-matter system is given by
Tµν = F (φ)ρuµuν + 2λ
[
∇µφ∇νφ− 1
2
gµν∇αφ∇αφ
]
.
(17)
Through the Bianchi identities, the covariant diver-
gence of T µν must be zero, that is, ∇νT µν = 0. In
the following, we assume that the mass density cur-
rent is conserved, i.e., ∇ν (ρuν) = 0. Using the lat-
ter condition, and the mathematical identity given by
[∇σ∇ǫ −∇ǫ∇σ]ψ = 0, we obtain first
F (φ)ρ (uν∇νuµ) + ρuµuν dF (φ)
dφ
∇νφ+2λ (∇µφ)φ = 0.
(18)
By eliminating the term φ with the help of Eq. (16),
we obtain
uν∇νuµ +
[
d
dφ
lnF (φ)
]
(uµuν∇νφ−∇µφ) = 0. (19)
Using the identity uν∇νuµ ≡ d
2xµ
ds2
+ Γµαβu
αuβ, where
Γµαβ are the Christoffel symbols corresponding to the
metric, the equation of motion of the test particles non-
minimally coupled to an arbitrary scalar field takes the
form
d2xµ
ds2
+Γµαβu
αuβ +
[
d
dφ
lnF (φ)
]
(uµuν∇νφ−∇µφ) = 0.
(20)
A particular model can be obtained by assuming that
F (φ) is given by a linear function,
F (φ) =
Λ + 1
2
[
1 +
1
2
(Λ− 1)φ
]
, (21)
where Λ is a constant. Then the equation of motion
becomes
d2xµ
ds2
+Γµαβu
αuβ+(uµuν − gµν)∇ν ln
[
1 +
Λ− 1
2
φ
]
= 0.
(22)
In order to simplify the field equations we adopt for λ
the value λ = − (Λ2 − 1) /8. Then Eq. (16), determining
the scalar field, takes the simple form φ = ρ.
The gravitational field equations take the form
Rµν − 1
2
gµνR =
Λ+ 1
2
Tµν , (23)
with the total stress-energy tensor given by
Tµν =
[
1 +
Λ− 1
2
φ
]
ρuµuν
−Λ− 1
2
[
∇µφ∇νφ− 1
2
gµν∇αφ∇αφ
]
. (24)
4For Λ = 1 we reobtain the general relativistic model for
dust. Other possible choices of the function F (φ), such
as F (φ) = exp(φ), can be discussed in a similar way.
A more general model can be obtained by adopting for
the matter Lagrangian the general expression [36–38]
Lm = −
[
ρ+ ρ
∫
dp(ρ)
ρ
− p(ρ)
]
, (25)
where ρ is the rest-mass energy density, p is the ther-
modynamic pressure, which, by assumption, satisfies a
barotropic equation of state, p = p (ρ). By assuming that
the matter Lagrangian does not depend on the deriva-
tives of the metric, and that the particle matter fluid
current is conserved [∇ν (ρuν) = 0], the Lagrangian given
by Eq. (25) is the unique matter Lagrangian that can be
constructed from the thermodynamic parameters of the
fluid, and it is valid for all gravitational theories satisfy-
ing the two previously mentioned conditions [38].
The gravitational field equations and the equation de-
scribing the matter-scalar field coupling are given by
Rµν − 1
2
gµνR = F (φ) ǫ uµuν − pgµν + λQµν , (26)
φ =
1
2λ
dF (φ)
dφ
ǫ, (27)
where Qµν = ∇µφ∇νφ − 12∇λφ∇λφgµν , and where the
total energy density is ǫ = ρ+ρ
∫
dp/ρ−p [36, 38]. With
the use of the conservation equation ∇ν (ρuν) = 0, one
obtains the equation of motion of massive test particles
as
d2xµ
ds2
+ Γµαβu
αuβ + (uµuν − gµν)∇ν ln
[
1 +
∫
dp
ρ
]
= 0,
(28)
The equation of motion (28) can also be derived from
the variational principle δ
∫ √
1 +
∫
dp/ρ
√
gµνuµuνds =
0. Models with scalar field-matter coupling were con-
sidered in the framework of the Brans-Dicke theory
[20], with the action of the model given by S =∫
[φR/2 + (ω/φ)∇µφ∇µφ+ F (φ)Lm]
√−gd4x. Such
models can give rise to a late time accelerated expansion
of the Universe for very high values of the Brans-Dicke
parameter ω. Other models with interacting scalar field
and matter have been considered in [19]. We empha-
size that the gravitational theory considered in this work
generalizes all of the above models.
IV. DISCUSSION AND CONCLUSION
In the present paper we have presented a novel gravi-
tational theory where the Lagrangian is given by an ar-
bitrary function of the Ricci scalar, matter Lagrangian,
a scalar field and its kinetic term, respectively. The
field equations for this model were obtained for the gen-
eral case, and the divergence of the stress-energy ten-
sor has been computed. Our model unifies into a single
mathematical formalism all the known modifications of
standard general relativity (Brans-Dicke model, standard
scalar field and quintessence models, f(R,Lm) gravity
etc.). Moreover, this approach opens the possibility of a
systematic study of the maximal extensions of the classi-
cal Hilbert-Einstein Lagrangian in the presence of scalar
fields, thus providing a theoretical tool for exploring the
limits of the presently known geometrical gravitational
theories. Specific models with a nonminimal interaction
between the scalar field and ordinary matter were also
explored.
In this context, an interesting application of the for-
malism, outlined in this work, it to the recently pro-
posed cosmological model, denoted as growing neutrino
quintessence model [39] (and further developed in [40]).
In this model, dark energy, described by a scalar field
(cosmon), evolves dynamically and interacts with the
cosmological neutrino backgrounds. The coupling be-
tween dark energy and neutrinos (described by the Dirac
equation with scalar field dependent neutrino masses)
provides a solution to the coincidence problem, and ex-
plains the small value of the cosmological constant. A
coupling between the cosmon and the neutrinos leads
to an exchange of energy and momentum, and to the
non-conservation of the individual stress-energy tensors.
Note that the geodesic equations of motion are also mod-
ified due to the presence of a cosmon mediated fifth
force and of a velocity dependent force. In addition
to this, the formation of large-scale neutrino structures,
the local variations in the dark energy and the backre-
action on the background evolution were further anal-
ysed by using a relativistic N-body treatment of the
neutrinos, combined with the computation of the lo-
cal quintessence field. We emphasize that the scalar
field and the matter-field coupling sectors of the growing
quintessence model are also particular cases of the gen-
eral framework introduced in the present paper. In par-
ticular, according to the growing neutrino quintessence
model, the equation of motion of the neutrino is given
by duα/ds+ Γαµνu
µuν + βuλuα∇λϕ− β∇αϕ = 0, where
β = −d lnmν/dϕ, and with mν the (scalar field depen-
dent) neutrino mass [40]. Due to the cosmon-neutrino
coupling there is a deviation from the geodesic motion.
Note that the equation of motion of the neutrino in this
model is identical with the general Eq. (20), if we inter-
pret the function F (φ) in terms of the neutrino mass.
In conclusion, the general formalism outlined in this
work can be extremely useful in a variety of scenar-
ios, such as, in describing the interaction between dark
energy, modeled as a scalar field, and dark matter, or
ordinary matter (neutrinos), with or without pressure,
matter-scalar field interactions in inflation, as well as in
the study of the interactions of the scalar field (represent-
ing dark matter and/or dark energy) and the electromag-
netic component in the very early Universe. Moreover,
5they can provide a realistic description of the late expan-
sion of the Universe, where a possible interaction between
ordinary matter and dark energy cannot be excluded a
priori. Work along these lines is presently underway and
the cosmological consequences of the present theory will
also be investigated in detail in a future publication.
Acknowledgments
FSNL acknowledges financial support of the Fundac¸a˜o
para a Cieˆncia e Tecnologia through the grants
CERN/FP/123615/2011 and CERN/FP/123618/2011.
OM was supported by an appointment to the NASA
Postdoctoral Program at the Jet Propulsion Laboratory,
California Institute of Technology, administered by Oak
Ridge Associated Universities through a contract with
NASA.
[1] Y. Fujii and K. Maeda, The Scalar-Tensor Theory of
Gravitation, Cambridge, Cambridge University Press,
(2003); V. Faraoni, Cosmology in scalar-tensor gravity,
Dordrecht; Boston, Kluwer Academic Publishers, (2004).
[2] C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).
[3] C. H. Brans, Phys. Rev. 125, 388 (1962).
[4] C. H. Brans, Phys. Rev. 125, 2194 (1962).
[5] A. G. Riess et al., Astron. J. 116, 1009 (1998); S. Perl-
mutter et al., Astrophys. J. 517, 565 (1999); P. de
Bernardis et al., Nature 404, 955 (2000); S. Hanany et
al., Astrophys. J. 545, L5 (2000).
[6] E. Bianchi and C. Rovelli, Nature, Vol. 466, No.
7304, p. 321 (2010); E. Bianchi and C. Rovelli, eprint
arXiv:1002.3966 (2010).
[7] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559
(2003); T. Padmanabhan, Phys. Repts. 380, 235 (2003).
[8] C. Wetterich, Nuclear Physics B 302, 645 (1988).
[9] P. J. E. Peebles and B. Ratra, Astrophys. J. Lett. 325,
L17 (1988); B. Ratra and P. J. E. Peebles, Phys. Rev
D37, 3406 (1988); ; R. R. Caldwell, R. Dave, and P. J.
Steinhardt, Phys. Rev. Lett. 80, 1582 (1998); L. Amen-
dola, Phys. Rev. D62, 043511 (2000).
[10] C. Wetterich, Nuclear Physics B 302, 668 (1988).
[11] F. Bezrukov and M. Shaposhnikov, Phys. Lett. B639,
703 (2008).
[12] S. V. Ketov and A. A. Starobinsky, JCAP 08 (2012) 022.
[13] T. Damour and K. Nordtvedt, Phys. Rev. Lett. 70, 2217
(1993); L. Ja¨rv, P. Kuusk, M. Saal, Phys. Rev. D 85,
064013 (2012).
[14] M. Gasperini, F. Piazza, G. Veneziano, Phys. Rev. D 65,
023508 (2001).
[15] T. Damour and A. Vilenkin, Phys. Rev. D 53, 2981
(1996).
[16] C. Armenda´riz-Pico´n, Phys. Rev. D 66, 064008 (2002).
[17] T. Damour and A.M. Polyakov, Nuclear Physics B 423,
532 (1994), T. Damour and A.M. Polyakov, General Rel-
ativity and Gravitation 26, 1171 (1994); T. Damour, F.
Piazza, G. Veneziano, Phys. Rev. D 66, 046007 (2002).
[18] T. Damour and J.F. Donoghue, Phys. Rev. D 82, 084033
(2010); T. Damour, Classical and Quantum Gravity 29,
184001 (2012).
[19] T. Damour, G. W. Gibbons, and C. C. Gundlach, Phys.
Rev. Lett. 64, 123 (1990); J. A. Casas, J. Garca–Bellido,
and M. Quiros, Class. Quant. Grav. 9, 1371 (1992); C.
Wetterich, Astron. Astrophys. 301, 321 (1995); L. Amen-
dola, Phys. Rev. D 62, 043511 (2000).
[20] S. Das and N. Banerjee, Phys. Rev. D 78, 043512 (2008).
[21] O. Minazzoli, eprint arXiv:1208.2372 (2012).
[22] A. Aviles and J. L. Cervantes-Cota, Phys. Rev. D 83,
023510 (2011).
[23] J.M. Overduin and P.S. Wesson, Phys. Repts. 283, 303
(1997); Y. Fujii and K.I. Maeda, The Scalar-Tensor The-
ory of Gravitation (2003).
[24] D.F. Mota and J.D. Barrow, Physics Letters B 581, 141-
146 (2004).
[25] J. Khoury and A. Weltman, Phys. Rev. D 69, 044026
(2004).
[26] T. Koivisto, Class. Quant. Grav. 23, 4289 (2006).
[27] O. Bertolami, C. G. Boehmer, T. Harko, and
F. S. N. Lobo, Phys. Rev. D 75, 104016 (2007).
[28] H. A. Buchdahl, Mon. Not. Roy. Astron. Soc. 150, 1
(1970); R. Kerner, Gen. Rel. Grav. 14, 453 (1982); J. P.
Duruisseau, R. Kerner and P. Eysseric, Gen. Rel. Grav.
15, 797 (1983); J. D. Barrow and A. C. Ottewill, J. Phys.
A: Math. Gen. 16, 2757 (1983); H. Kleinert and H.-J.
Schmidt, Gen. Rel. Grav. 34, 1295 (2002).
[29] S. M. Carroll, V. Duvvuri, M. Trodden, and M. S. Turner,
Phys. Rev. D 70, 043528 (2004).
[30] S. Nojiri and S. D. Odintsov, Int. J. Geom. Meth. Mod.
Phys. 4, 115 (2007); F. S. N. Lobo, The dark side of grav-
ity: Modified theories of gravity, arXiv:0807.1640 [gr-qc]
(2008); T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys.
82, 451 (2010); A. De Felice and S. Tsujikawa, Living
Rev. Rel. 13, 3 (2010); S. Nojiri and S. D. Odintsov,
Phys. Rept. 505, 59 (2011).
[31] S. Nojiri and S. D. Odintsov, Phys. Lett. B 599, 137
(2004); G. Allemandi, A. Borowiec, M. Francaviglia,
and S. D. Odintsov, Phys. Rev. D 72, 063505 (2005);
V. Faraoni, Phys. Rev. D 76, 127501 (2007); T. Harko,
Phys. Lett. B 669, 376 (2008); T. P. Sotiriou, Phys. Lett.
B 664, 225 (2008); D. Puetzfeld and Y. N. Obukhov,
Phys. Rev. D 78, 121501 (2008); O. Bertolami, T. Harko,
F. S. N. Lobo, and J. Paramos, arXiv:0811.2876 (2008);
T. P. Sotiriou and V. Faraoni, Class. Quant. Grav.
25, 205002 (2008); O. Bertolami, F. S. N. Lobo, and
J. Paramos, Phys. Rev. D78, 064036 (2008); V. Faraoni,
Phys. Rev. D 80, 124040 (2009); O. Bertolami and M. C.
Sequeira, Phys. Rev. D 79, 104010 (2009); S. Nesseris,
Phys. Rev. D 79, 044015 (2009); T. Harko, Phys. Rev. D
81, 084050 (2010); T. Harko, T. S. Koivisto, and F. S. N.
Lobo, Mod. Phys. Lett. A 26, 1467 (2011); S. Thakur,
A. A. Sen, and T. R. Seshadri,Phys. Lett. B 696, 309
6(2011); Q. Xu and S.-Yu. Tan, arXiv:1209.2619 (2012);
T. Harko, F. S.N. Lobo, S. Nojiri, and S. D. Odintsov,
Phys. Rev. D 84, 024020 (2011).
[32] J.-C. Hwang, Phys. Rev. D 53, 762 (1996).
[33] F. Perrotta, C. Baccigalupi, and S. Matarrese, Phys. Rev.
D 61, 023507 (2000).
[34] T. Harko and F. S. N. Lobo, Eur. Phys. J. C 70, 373
(2010).
[35] L. D. Landau and E. M. Lifshitz, The Classical Theory
of Fields, Butterworth-Heinemann, Oxford (1998).
[36] V. Fock, The theory of space, time and gravitation, Perg-
amon Press, London - New York - Paris - Los Angeles,
(1959).
[37] T. Harko, Phys. Rev. D 81, 044021 (2010).
[38] O. Minazzoli and T. Harko, Phys. Rev. D 86, 087502
(2012).
[39] C. Wetterich, Phys. Lett. B655, 201 (2007); L. Amen-
dola, M. Baldi, and C. Wetterich, Phys. Rev. D78,
023015 (2008).
[40] Y. Ayaita, M. Weber, and C. Wetterich, Phys. Rev. D 85,
123010 (2012); Y. Ayaita, M. Weber, and C. Wetterich,
arXiv:1211.6589 (2012).
